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HEAT TRACE ASYMPTOTICS WITH
SINGULAR WEIGHT FUNCTIONS II
M. VAN DEN BERG, P. GILKEY, AND K. KIRSTEN
Abstract. We study the weighted heat trace asymptotics of an operator of
Laplace type with mixed boundary conditions where the weight function ex-
hibits radial blowup. We give formulas for the first three boundary terms in
the expansion in terms of geometrical data.
1. Introduction
An important issue for several decades has been to obtain explicitly the coef-
ficients of the short-time asymptotic expansion of the heat kernel associated with
a Laplace type operator on a m-dimensional Riemannian manifold M [15, 19]. In
mathematics this interest stems in particular from the link between the spectrum
of the operator and the underlying geometry of M [18], but it extends to basically
all of Geometric Analysis [15]. In physics the heat kernel asymptotic expansion has
been realized to be a particularly useful tool to determine various approximations
of effective actions and the Casimir energy [2, 9, 13].
Instead of simply analyzing the integrated heat trace one often puts a weight in
the evaluation of the trace, sometimes called the localizing or smearing function.
This function is introduced for various reasons. First it allows one to obtain local
information from the integrated one, therefore, most importantly it is possible to
recover the local behavior near the boundary. Furthermore, it is this smeared
coefficient that appears in the integration of conformal anomalies relevant for several
physical applications, see, e.g., [6, 11, 19]. For smooth localizing functions the
results for the first few heat kernel coefficients are available for several years now
[16, 19]. A detailed analysis of what happens for singular weighing functions has only
been started recently. In the context of the heat content asymptotics the weighing
function plays the role of an initial temperature distribution. In the context of
black hole physics singular conformal transformations play an important role when
mapping black holes to their Penrose diagrams [5].
The heat content asymptotics of an operator of Laplace type with singular initial
temperature distribution and with Dirichlet or Robin boundary conditions were
investigated in [4]. A similar study of the heat trace asymptotics with singular
weighting function and Dirichlet boundary conditions was performed in [3]. In
this paper, we conclude this line of investigation by extending the results of [3]
concerning heat trace asymptotics to Robin, and more generally, to mixed boundary
conditions. We anticipate that also this singular setting will find its applications in
physics.
1.1. Operators of Laplace type. Let M be a compact Riemannian manifold of
dimension m with smooth non-empty boundary ∂M . Let V be a smooth vector
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bundle over M and let D be an operator of Laplace type on the space of smooth
sections C∞(V ). This means that locally we may express D in the form
(1.a) D = −(gµν∂xµ∂xν Id+Aν∂xν +B)
for suitably chosen matrices Aν and B where we adopt the Einstein convention and
sum over repeated indices and where gµν denotes the inverse matrix. It is possible
to express D invariantly [15] using a Bochner formalism. There exists a unique
connection ∇ on V and a unique endomorphism E of V so that
Dφ = −(gµνφ;µν + Eφ) ,
where we use ‘;’ to denote the components of multiple covariant differentiation. Let
Γ be the Christoffel symbol of the Levi-Civita connection. We then have
(1.b)
ωδ =
1
2gνδ(A
ν + gµσΓµσ
ν Id),
E = B − gνµ(∂xµων + ωνωµ − ωσΓνµσ) .
1.2. Boundary conditions. We recall the formalism of Branson and Gilkey [7].
Let ε > 0 be the injectivity radius of the boundary ∂M in M . Use the geodesic
flow defined by the unit inward normal vector field ∂r to define a diffeomorphism
between the collar Cε := ∂M × [0, ε] and a neighborhood of the boundary in M
which identifies ∂M × {0} with ∂M . The curves r → (y0, r) for r ∈ [0, ε] are unit
speed geodesics perpendicular to the boundary and r is the geodesic distance to the
boundary.
Let χ ∈ C∞(End(V |∂M )) satisfy χ2 = 1. Extend χ to the collar Cε so that
∇∂rχ = 0. Let Π± := 12 (1 ± χ) be projections on the ±1 eigenbundles V± of χ.
Let S ∈ End(V |∂M ) be an auxiliary endomorphism with Π+S = SΠ+ = S. If
φ ∈ C∞(V ), let B = B(χ, S) be the mixed boundary operator:
(1.c) Bφ := {Π−φ}|∂M ⊕ {Π+(∇∂r + S)Π+φ}|∂M .
Let DB be the realization of D with this boundary condition. We set Π+ = 0 to
define the Dirichlet boundary operator BD and we set Π− = 0 and S = 0 to define
the Neumann boundary operator BN .
Operators of this type arise when studying the Gauss-Bonnet theorem for man-
ifolds with boundary [15] and will play an important role in the analysis of Section
4. Let ∆ = dδ + δd be the Laplace-Beltrami operator on the space of smooth
differential forms. Let (y, r) be coordinates on the collar Cǫ. Set
Π+(dyI) = dyI and Π−(dyI ∧ dr) = dyI ∧ dr
and define the absolute boundary operator Ba by taking
Ba{φIdyI + ψJdyJ ∧ dr} = {(∂rφI)dyI}|∂M ⊕ {ψJdyJ}|∂M .
Extend the second fundamental form L (see Section 1.6 below) to act as a derivation
on the space of differential forms. Then:
∇∂r(fIdyI) = (∂r + L)(fIdyI) so Ba = B(χ,−L) .
Let ∆p be Laplacian on the space of smooth p-forms. If M is a closed mani-
fold, then ker(∆p,Ba) is naturally isomorphic to the topological cohomology groups
Hp(M ;C). Relative boundary conditions Br are defined similarly using the Hodge
⋆ operator and one may identify ker(∆p,Ba) with the relative cohomology groups
Hp(M,∂M ;C).
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1.3. The heat equation. For t > 0 and φ ∈ L2(V ), let u = e−tDBφ be the solution
of the heat equation:
(∂t +DB)u(x; t) = 0, Bu = 0, lim
t↓0
u(·; t) = φ(·) in L2(V ) .
Let dvolM (resp. dvol∂M ) be the Riemannian measure on M (resp. ∂M). There
is a smooth kernel pD,B(x, x˜; t) which gives the fundamental solution of the heat
equation:
u(x; t) =
∫
M
pDB(x, x˜; t)φ(x˜) dvolM (x˜) .
If DB is formally self-adjoint with respect to a fiber metric, we can take a spectral
resolution {λν , θν} for DB where {θν} is a complete orthonormal basis for L2 with
Bθν = 0 and Dθν = λνθν . We then have
pDB(x, x˜, t) =
∑
ν
e−tλνθν(x)θν(x˜) .
This series converges in the C∞ topology for t > 0. (There are some additional
notational complexities in the bundle valued case we suppress in the interests of
simplicity).
1.4. Weighting functions. We study the weighted heat trace TrL2(Fe
−tDB ). Pre-
vious work has concentrated on the smooth section - we review that work presently
in Section 1.5. However, in this paper, we shall concentrate on a more general set-
ting and consider the following class of smearing or weighting functions. Let α < 1.
Let F be a smooth function on the interior of M . We assume that rαF is smooth
on the collar Cε := ∂M × [0, ε]; the parameter α controls the growth (if α > 0) or
decay (if α < 0) of F near the boundary. We expand F in a modified Taylor series
near the boundary:
F (y, r) ∼ r−α(F0(y) + rF1(y) + r2F2(y) + ....) where
Fi(y) =
1
i! (∂r)
i{rαF}|r=0 .
We remark that the assumption that α < 1 ensures that F ∈ L1(M). With Dirichlet
boundary conditions, the fundamental solution of the heat equation vanished to
second order on the boundary and it was possible to consider the region α < 3;
logarithmic singularities then appeared when α = 1, 2. This is not possible in the
more general situation since the fundamental solution of the heat equation pDB need
not vanish on ∂M and we must restrict to α < 1 to ensure convergence.
1.5. Heat trace asymptotics in the smooth setting. Suppose α = 0 so that
F is smooth on all of M ; this is the case considered classically. Work of Greiner
[17] and of Seeley [21] shows:
Theorem 1.1. Let D be an operator of Laplace type on a compact Riemannian
manifold M with smooth boundary. Let DB be the realization of D with respect to
the mixed boundary conditions B given in Equation (1.c). There is a full asymptotic
series as t ↓ 0 of the form:
TrL2(Fe
−tDB) ∼ (4π)−m/2t−m/2
∞∑
n=0
tnan(F,D)
+(4π)−m/2t−(m−1)/2
∞∑
ℓ=0
tℓ/2abdℓ (F,D,B) .
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There are local invariants defined on M and on ∂M so that
an(F,D) =
∫
M
F (x)an(x,D) dvolM (x),
abdℓ (F,D,B) =
ℓ∑
i=0
∫
∂M
Fi(y)a
bd
ℓ,i(y,D,B) dvol∂M (y) .
These invariants play an important role in index theory; they are also important
in regularization results for mathematical physics [15, 19]. We remark that we have
used a different indexing convention than is sometimes used in the literature and
that we have handled the normalizing constants involving 4π slightly differently.
1.6. Local formulas. One has explicit combinatorial formulas for these invariants
in the smooth setting; the interior invariants are known for n ≤ 5 [1, 14, 22] and the
boundary invariants are known for ℓ ≤ 5 [8, 16, 19, 23]. We introduce the requisite
notation as follows.
Let Rijkl be the components of the curvature tensor of the Riemannian manifold;
with our sign convention, R1221 = +1 on the unit sphere in R
2. Let τ := Rijji be
the scalar curvature of the manifold. Let ρmm = Rimmi be the normal component
of the Ricci tensor. Let Lab be the components of the second fundamental form
on the boundary relative to an orthonormal frame {e1, ..., em−1} for the tangent
bundle of ∂M ; Lab = g(em,∇eaeb). Relative to the coordinate frame, we have
L(∂µ, ∂ν) = Γµνm = − 12∂rgµν for 1 ≤ µ, ν ≤ m− 1 .
Thus L11 = 1 for the unit disk in R
2. Express D = −(gµν∇ν∇µ +E) where ∇ and
E are as in Equation (1.b). Then:
Theorem 1.2.
(1) a0(x, F,D) = Tr{F Id}.
(2) a1(x, F,D) = Tr{6FE + Fτ Id}.
Theorem 1.3.
(1) abd0 (y, F,D,B) =
√
4π
4 Tr{F0χ},
(2) abd1 (y, F,D,B) =
√
4π
6 Tr{2F0Laa Id+3F1χ+ 12F0S},
(3) abd2 (y, F,D,B) =
√
4π
384 Tr{F0[96χE+16τχ− 8ρmmχ+LaaLbb(13Π+− 7Π−)
+LabLab(2Π+ + 10Π−) + 96LaaS + 192S2 − 12χ;aχ;a]
+F1[Laa(6Π+ + 30Π−) + 96S] + 48F2χ}.
1.7. The shifted asymptotic series. If α 6= 0, there is a shift in the power of t for
the boundary invariants but the interior series discussed in Section 1.5 is unchanged.
In [3], we used the calculus of pseudo-differential operators to establish the existence
of an asymptotic series with Dirichlet boundary conditions. The same approach
extends directly to the situation at hand to yield the following generalization of
Theorem 1.1:
Theorem 1.4. Let D be an operator of Laplace type on a compact Riemannian
manifold M with smooth boundary. Let DB be the realization of D with respect to
the mixed boundary conditions B given in Equation (1.c). Let α < 1. Let F be
smooth on the interior of M and let rαF be smooth near the boundary. There is a
full asymptotic series as t ↓ 0 of the form:
TrL2(Fe
−tDB) ∼ (4π)−m/2t−m/2
∞∑
n=0
tnan(F,D)
+(4π)−m/2t−(m−1)/2
∞∑
ℓ=0
t(ℓ−α)/2abdℓ,α(F,D,B) .
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The interior invariants an(F,D) are as discussed in Theorem 1.1. There are local
invariants abdℓ,α,i(y,D,B) which are real analytic in the parameter α, so
abdℓ,α(F,D,B) =
∫
∂M
ℓ∑
i=1
Fi(y)a
bd
ℓ,α,i(y,D,B) dvol∂M (y) .
The interior invariants do not depend either upon α or upon B and are described
for n = 0 and n = 1 by Theorem 1.2 (and are known explicitly in the literature
for n ≤ 5); thus our attention will be concentrated on the boundary invariants and
upon extending Theorem 1.3 to this more general setting. The analyticity of the
invariants in α will play a crucial role. We shall often restrict to the case α /∈ Z in
proving certain identities to ensure that the interior terms and the boundary terms
do not interact. We shall also often assume α << 0 to avoid convergence questions.
The result for general α will then follow by analytic continuation since the local
invariants are real analytic in the parameter α. We set the local boundary heat
trace density to be:
abdℓ,α(y, F,D,B) :=
ℓ∑
i=1
Fi(y)a
bd
ℓ,α,i(y,D,B)
1.8. Dirichlet Boundary Conditions. We computed the boundary invariants for
Dirichlet boundary conditions in [3]; the following result is a consequence of those
computations and forms an essential starting point for the study of the general case:
Theorem 1.5. Let B define Dirichlet boundary conditions. Let κα := 12Γ
(
1−α
2
)
.
(1) abd0,α(y, F,D,B) = καTr{−F0 Id}.
(2) abd1,α(y, F,D,B) = κα−1Tr{−F1 Id+ α−42(α−3)F0Laa Id}.
(3) abd2,α(y, F,D,B) = κα−2Tr{−F2 Id+ α−52(α−4)F1Laa Id
+ 16F0Ramma Id− α−78(α−6)F0LaaLbb Id+ α−54(α−6)F0LabLab Id
− 13(1−α)F0Rijji Id− 21−αF0E}.
1.9. Heat trace asymptotics for mixed boundary invariants. The follow-
ing is the main result of this paper. It generalizes Theorem 1.5 to general mixed
boundary conditions:
Theorem 1.6. Let aℓ,α be the invariants of Theorem 1.4.
(1) abd0,α(y, F,D,B) = καTr{F0[Π+ −Π−]}.
(2) abd1,α(y, F,D,B) = κα−1Tr{F1[Π+ −Π−]
+F0Laa[
α2−α−4
2(α−1)(3−α)Π+ +
α−4
2(α−3)Π−] +
4
1−αF0S}.
(3) abd2,α(y, F,D,B) = kα−2 Tr{F2[Π+ −Π−]
+F1[Laa(
α2−3α−2
2(α−2)(4−α)Π+ +
α−5
2(α−4)Π−) +
4
2−αS]
+F0[− 16ρmm(Π+ −Π−)
+LaaLbb(
α4−6α3−α2−2α+104
8(α−6)(α−4)(α−2)(α−1)Π+ − (α−7)8(α−6)Π−)
+LabLab[− α3−10α2+21α+44(α−6)(α−4)(α−1)Π+ + α−54(α−6)Π−]
+ 2(α
2−α−8)
(α−1)(α−2)(α−4)LaaS +
8
(2−α)(1−α)S
2
+ 13(1−α) (τ + 6E)(Π+ −Π−)− 1(α−1)(α−4)χ;aχ;a]}.
Here is a brief outline to the paper. In Section 2, we express the invariants abd0,α,
abd1,α, and a
bd
2,α in terms of geometrical quantities with 8 undetermined universal
coefficients ϑiα; we refer to Lemma 2.8 for details. In Section 3, we determine the
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coefficient of S in a1 and the coefficient of S
2 in a2 by performing a computation on
the interval. In Section 4, we examine absolute and relative boundary conditions
in dimension 2 to derive additional relations. In Section 5, we use the calculus of
pseudo-differential operators to complete the computation.
2. The method of universal coefficients
2.1. Weighted homogeneity and dimensional analysis. We assign weight k to
the kth derivative of the metric, weight k+1 to the kth derivative of the connection
form ω of Equation (1.b), and weight k+2 to the kth derivative of the endomorphism
E of Equation (1.b). We also assign weight k to the kth tangential derivative of
χ, weight k to Fk, and weight k + 1 to the k
th tangential derivative of S. Thus,
in particular, the components Rijkl of the curvature tensor have weight 2 and the
components Lab of the second fundamental form have weight 1. Standard arguments
using dimensional analysis shows establishes the following result; we omit details
in the interests of brevity and instead refer to [3, 15, 19] where similar results were
established:
Lemma 2.1. The local invariants abdl,α,i of Theorem 1.4 are weighted homogeneous
of degree ℓ− i.
2.2. Orthogonal invariants. Weyl’s theory of orthogonal invariants [24] may be
used to construct a spanning set for the space of invariants which are homogeneous
of weight k. One uses the metric to contract indices in pairs. We let χ:a denote the
components of tangential covariant differentiation of the tensor χ. Lemma 2.2 then
leads to the following result; again, we omit details as by now the arguments are
standard:
Lemma 2.2. There exist universal constants {̺i,±α } so that:
(1) abd0,α(y, F,D,B) = Tr{F0[̺0,+α Π+ + ̺0,−α Π−]}.
(2) abd1,α(y, F,D,B) = Tr{F1[̺1,+α Π+ + ̺1,−α Π−]
+F0[Laa(̺
2,+
α Π+ + ̺
2,−
α Π−) + ̺
3,+
α S]}.
(3) abd2,α(y, F,D,B) = Tr{F2[̺4,+α Π+ + ̺4,−α Π−]
+F1[Laa(̺
5,+
α Π+ + ̺
5,−
α Π−) + ρ
6,+
α S]
+F0[ρmm(̺
7,+
α Π+ + ̺
7,−
α Π−) + LaaLbb(̺
8,+
α Π+ + ̺
8,−
α Π−)
+LabLab(̺
9,+
α Π+ + ̺
9,−
α Π−) + E(̺
10,+
α Π+ + ̺
10,−
α Π−)
+τ(̺11,+α Π+ + ̺
11,−
α Π−) + ̺
12,+
α LaaS + ̺
13,+
α S
2 + ̺14,+α χ;aχ;a]}.
2.3. Product formulas. The following is a useful observation.
Lemma 2.3. Let M =M1×M2 where M1 is a closed Riemannian manifold and M2
is a Riemannian manifold with smooth boundary.. Let Di be operators of Laplace
type on Mi and let B be a mixed boundary operator on M2 which we extend to M .
Then:
abdℓ,α,i((x1, y2), D,B) =
∑
2k+j=ℓ
ak(x1, D1)a
bd
j,α,i(y2, D2,B) .
Proof. Because the structures decouple, we have that e−tDB = e−tD1e−tD2,B . Let
F (x1, x2) = F1(x1)F2(x2). Then:
TrL2(M){Fe−tDB} = TrL2(M1){F1e−tDB}TrL2(M2){F2e−tD2,B} .
The desired result then follows by equating terms in the asymptotic series. 
HEAT TRACE ASYMPTOTICS 7
2.4. Dimension shifting. A-priori, the constants in Lemma 2.2 depend on the
dimension. Fortunately, that is not the case.
Lemma 2.4. The constants ρi,±α are independent of the dimension m.
Proof. Let M1 := S
1 and D1 := −∂2θ where θ is the usual periodic parameter on
the circle. Since M1 is a closed manifold, there are no boundary invariants. Since
the structures are flat, an(θ,D1) = 0 for n > 0. By Theorem 1.2, a0(θ,D1) = 1.
Consequently, by Lemma 2.3,
abdℓ,α,i((θ, y2), D,B) = abdℓ,α,i(y2, D2,B) .
It now follows that ρi,±α in dimension m is equal to ρ
i,±
α in dimension m+ 1. 
2.5. The coefficients of E and of τ . In the proof of Lemma 2.4, we applied
Lemma 2.3 with M1 = S
1. We take a product with S2 to establish:
Lemma 2.5. We have the relations ρ10,±α = ρ
0,±
α and ρ
11,±
α =
1
6ρ
0,±
α .
Proof. Let M1 = S
2 be the sphere of radius ε in R3, let ∆ be the scalar Laplacian
on S2, and let D1 := ∆− δ. We have τ = ε−2 and E = δ. We apply Theorem 1.2
to see
a0(x,D) = 1 and a1(x,D) = δ +
1
6ε
−2 .
Let D2 be an operator of Laplace type on M2 and let B be mixed boundary condi-
tions. We form M := M1 ×M2 and D = D1 +D2. We omit terms which involve
neither δ nor ε and use Lemma 2.2 and Lemma 2.3 to see
abd2,α,0((x1, y2), D,B)
= Tr{δ(̺10,+α Π+ + ̺10,−α Π−) + ε−2(̺11,+α Π+ + ̺11,−α Π−) + ...}
= a0(x1, D1)a
bd
2,α,0(y2, D2,B) + a1(x1, D1)abd0,α,0(y2, D2,B)
= Tr{(δ + 16ε−2)(̺0,+α Π+ + ̺0,−α Π−) + ...} .
Equating coefficients of δ and ε−2 yields the desired identity. 
2.6. Degree shifting. In Lemma 2.5, we related ρ10,±α and ρ
11,±
α to ρ
0,±
α . There
are other relations of this form which are available:
Lemma 2.6.
(1) If 1 ≤ i ≤ ℓ, then aℓ,α,i = aℓ−1,α−1,i−1.
(2) ̺1,±α = ̺
0,±
α−1.
(3) ̺5,±α = ̺
2,±
α−1 and ̺
6,+
α = ̺
3,+
α−1.
(4) ̺4,±α = ̺
0,±
α−2.
Proof. Choose χ(r) to be a smooth cut-off function which is identically 0 near r = ε
and which is identically 1 near r = 0. Let F iα(y, r) := χ(r)r
−αrif(y); we then have
(F iα)j(y) = δ
i
jf(y). We suppress the interior terms to express:
TrL2(F
i
αe
−tDB) ∼ (4π)−m/2t−(m−1)/2
∞∑
ℓ=0
t(ℓ−α)/2
∫
∂M
f(y)abdℓ,α,i(y) dvol∂M (y) .
Let 1 ≤ i ≤ ℓ. We have F iα = F i−1α−1. Equating powers of t in the asymptotic
expansions then yields the relation of Assertion (1). We apply Assertion (1) with
ℓ = 1 and i = 1 to derive Assertion (2); we apply Assertion (1) with ℓ = 2 and
i = 1 to derive Assertion (3); we apply Assertion (1) with ℓ = 2 and i = 2 to see
ρ4,±α = ρ
1,±
α−1 and then apply Assertion (2) (after replacing α by α− 1) to establish
Assertion (4). 
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2.7. Relating pure Neumann and pure Dirichlet boundary conditions.
The following Lemma gives some relationships between the coefficients defining
pure Neumann and pure Dirichlet boundary conditions.
Lemma 2.7. ̺0,+α + ̺
0,−
α = ̺
7,+
α + ̺
7,−
α = 0.
Proof. Let M be the upper hemisphere of the unit sphere of Rm+1. Let
T (x1, ..., xm+1) = (x1, ..., xm,−xm+1)
be an isometric involution of Sm whose fixed point set is the boundary of M . Let
E(λ,∆Sm) = {φ ∈ C∞(Sm) : ∆Smφ = λφ}
be the eigenspaces of the spherical Laplacian on Sm. Let (T ∗φ)(x) := φ(Tx). Since
T is an isometry of Sm, it commutes with the Laplacian and we may decompose
E(λ,∆Sm) = E
+(λ,∆Sm)⊕ E−(λ,∆Sm)
into the ±1 eigenvalues of T ∗. It is then immediate that the elements of E− satisfy
Dirichlet boundary conditions while the elements of E+ satisfy Neumann boundary
conditions. If pD and pN are the fundamental solutions of the heat equation of
the Laplacians ∆D and ∆N on M for Dirichlet and Neumann boundary conditions,
respectively, we may then conclude, after allowing for the renormalization of the L2
norms of the eigenvectors, that:
pD(x, x; t) + pN (x, x; t) = 2pSm(x, x; t) for x ∈M .
Since Sm is a homogeneous space, there are constants a˜n so that
pSm(x, x; t) = pSm(t) ∼ (4πt)−m/2
∑
n
tna˜n .
Let F ∈ C∞(Sm) satisfy T ∗F = F . Then
TrL2{Fe−t∆D}+TrL2{Fe−t∆N } ∼ (4πt)−m/2
∫
Sm
F (x) dvol(x) ·
∞∑
n=0
tna˜n .
We may suppose α /∈ Z. Since there are no t−(m−1)/2t(ℓ−α)/2 terms in the asymp-
totic expansion of the right hand side of the above display, the boundary terms
must vanish. The two relations of the Lemma now follow. 
The coefficients ρi,−α may be evaluated using Theorem 1.5 After changing notation
appropriately to simplify the relevant formulas, we summarize the results of this
section in the following result:
Lemma 2.8. There exist universal constants {ϑiα} so that:
(1) abd0,α(y, F,D,B) = καTr{F0[Π+ −Π−]}dy.
(2) abd1,α(y, F,D,B) = κα−1Tr{F1[Π+ −Π−]
+F0Laa[ϑ
1
αΠ+ +
α−4
2(α−3)Π−] + ϑ
2
αF0S}dy.
(3) abd2,α(y, F,D,B) = kα−2 Tr{F2[Π+ −Π−]
+F1[Laa(ϑ
1
α−1Π+ +
α−5
2(α−4)Π−) + ϑ
2
α−1S]
+F0[− 16ρmm(Π+ −Π−) + LaaLbb(ϑ4αΠ+ − (α−7)8(α−6)Π−)
+LabLab[ϑ
5
αΠ+ +
α−5
4(α−6)Π−] + ϑ
6
αLaaS + ϑ
7
αS
2
+ 13(1−α) (τ + 6E)(Π+ −Π−) + ϑ8αχ;aχ;a]}dy.
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3. Special case computations on the interval
We note that sΓ(s) = Γ(s + 1). Since κα :=
1
2Γ(
1−α
2 ), we have the following
identities which we note for future reference:
(3.a)
κα
κα−2
=
2
1− α,
κα+1
κα−1
= − 2
α
.
Lemma 3.1. We have that ϑ2α =
4
1−α and that ϑ
7
α =
8
(2−α)(1−α) .
Proof. Let M = [0, 1]. Let Fα = r
−α near x = 0 and Fα = 0 near x = 1. Let
0 6= b ∈ R. We form
A := ∂x + b, A
∗ := −∂x + b, D := A∗A = AA∗ = −(∂2x − b2) .
Let DD and DR be the realizations, respectively, of D with respect to Dirichlet
boundary conditions and Robin boundary conditions with S(0) = b, and S(1) = −b.
Thus we may identify BRφ = Aφ|∂M . We integrate by parts to derive the Green’s
formula: ∫ 1
0
{
(A∗Au, v)− (u,A∗Av)
}
(x)dx =
{
− (Au, v) + (u,Av)
}∣∣∣∣
1
0
.
This vanishes if u = v = 0 on ∂M or if Au = Av = 0 on ∂M . Consequently both
DD and DR are self-adjoint. If Dφ = 0, then φ′′ = b2φ so φ = a0ebx+a1e−bx. Thus
φ satisfies Dirichlet boundary conditions means φ = 0 and thus ker(DD) = {0}. Let
{θν , λν} =
{
sin(πνx), 2π2ν2 + b2
}
for ν = 1, 2, ...
be a spectral resolution for DD. We have similarly that ker(DR) = e−bx · R and
that {A∗θν/
√
λν , λν} is a spectral resolution of DR on ker(DR)⊥. Let pD and pR
be the fundamental solutions of the heat equation for DD and DR, respectively. We
compute:
∂tpD(x, x; t) = −
∑
ν
λνe
−tλνθν(x)2 = −
∑
ν
e−tλνDθν · θν ,
∂tpR(x, x; t) = −
∑
ν
e−tλνA∗θν ·A∗θν .
This then yields the identity:
2∂t{pD(x, x; t) − pR(x, x; t)} = −2
∑
ν
e−tλν{Dθν · θν −A∗θν · A∗θν}
= 2
∑
ν
e−tλν{(θ′′νθν − b2θνθν) + (θ′νθ′ν − 2bθ′νθν + b2θνθν)}
= ∂x(∂x − 2b)pD(t;x, x) .
We suppose α << 0 and α 6= Z to ensure convergence and to ensure that the interior
and the boundary terms do not interact; the general case then follows by analytic
continuation. We integrate by parts to see:
2∂t[TrL2{Fαe−tDD} − TrL2{Fαe−tDR}]
=
∫
M
2Fα∂t(pD(x, x; t) − pR(x, x; t)) dvol(x)
=
∫
M
Fα∂x(∂x − 2b)pD(x, x; t) dvol(x)
=
∫
M
(F ′′α + 2bF
′
α)pD(x, x; t) dvol(x)
= TrL2
{
(F ′′α + 2bF
′
α)e
−tDD}.
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Notice that ∂xFα = −αFα+1 and ∂2xFα = α(α + 1)Fα+2 near the boundary of M .
Since the underlying operator is the same, the difference of the interior terms cancel
and we have:
2∂t[TrL2{Fαe−tDD} − TrL2{Fαe−tDR}]
∼
∑
ℓ
(ℓ − α)t(ℓ−α−2)/2{abdℓ,α(Fα, D,BD)− abdℓ,α(Fα, D,BR)}
= TrL2{(F ′′α + 2bF ′α)e−tDD}
∼ α(α + 1)
∑
j
t(j−α−2)/2abdj,α+2(Fα+2, D,BD)
−2αb
∑
k
t(k−α−1)/2abdk,α+1(Fα+1, D,BD).
We equate coefficients in the asymptotic expansions to see
(3.b)
(ℓ− α){abdℓ,α(Fα, D,BD)− abdℓ,α(Fα, D,BR)}
= α(α+ 1)abdℓ,α+2(Fα+2, D,BD)− 2αbabdℓ−1,α+1(Fα+1, D,BD) .
We remark that although the argument is superficially similar to that used in
Branson-Gilkey Lemma 3.2, the outcome is radically different owing to the ne-
cessity to include the parameter α; in particular, there is no interaction between
the interior and the boundary terms.
We have E = −b2 and S = b. We take ℓ = 1 in Equation (3.b) to see:
(1− α){abd1,α(Fα, D,BD)− abd1,α(Fα, D,BR)}
= α(α + 1)abd1,α+2(Fα+2, D,BD)− 2αba0,α+1(Fα+1, D,BD) .
This leads to the identity:
(1 − α){−κα−1ϑ2α}b = 2α{κα+1}b .
We apply Equation (3.a) to see:
ϑ2α =
−2α
1− α
κα+1
κα−1
=
−2α
1− α ·
−2
α
=
4
1− α .
Finally, we take ℓ = 2 to see:
(2− α){abd2,α(Fα, D,BD)− abd2,α(Fα, D,BR)}
= α(α + 1)abd2,α+2(Fα+2, D,BD)− 2αbabd1,α+1(Fα+1, D,BD) .
This gives rise to the identity:
(2− α)κα−2b2
{
4
(1− α) − ϑ
7
α
}
= καb
2
(
α(α + 1)
6
3(1− [α+ 2])
)
.
We use Equation (3.a) to solve this identity for ϑ7α to see:
ϑ7α =
4
1− α −
1
2− α
2
1− αα(α + 1)
2
−α− 1 =
8
(1− α)(2 − α) . 
4. Absolute and relative boundary conditions
We establish the following result by generalizing the 1-dimensional construction
of Lemma 3.1 to the 2-dimensional setting.
Lemma 4.1. We have that
(1) ϑ1α =
α2−α−4
2(α−1)(3−α) .
(2) (1− α)2{ϑ6α − 8ϑ8α} − 2α(α+ 1){ϑ4α+2 + ϑ5α+2} = 4(α−1)α−2 + α(α+1)(α−1)4(α−4) .
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Proof. We modify an argument from McKean and Singer [20]. LetM be a Riemann
surface. Let ∆a denote the Laplacian with absolute boundary conditions Ba as
discussed above. Let Λev := Λ0 ⊕ Λ2 and let Λod := Λ1. Let {θν , λν} be a spectral
resolution of ∆eva on ker(∆
ev
a )
⊥. Then
{(d+ δ)θν/
√
λν , λν}
is a spectral resolution of ∆oda on ker(∆
od
a )
⊥. One has:
2∂t{p∆eva (x, x; t) − p∆odB (x, x; t)}
= 2∂t
∑
ν:λν>0
e−tλν {(θν , θν)− ((d+ δ)θν), (d + δ)θν)/λν}
= −2
∑
ν:λν>0
e−tλν{λν(θν , θν)− ((d+ δ)θν), (d+ δ)θν)}
= −2
∑
ν:λν>0
e−tλν{(∆eva θν , θν)− ((d+ δ)θν , (d+ δ)θν)} .
Now comes a crucial point. The Laplacian ∆a decomposes as the direct sum of two
scalar operators on Λev. Let θ be a function. Then
2∆0θ = −2θ;ii,
2(d+ δ)θ = 2dθ = 2θ;1e
1 + 2θ;2e
2,
2{(∆0θ, θ)− ((d+ δ)θ, (d + δ)θ)} = −2θ;iiθ − 2θ;iθ;i = −(θ2);ii
= ∆0(θ, θ) .
Next, let Θ = θe1 ∧ e2 be a 2-form. We compute:
2∆2Θ = −2θ;iie1 ∧ e2,
2(d+ δ)Θ = 2δΘ = −2θ;1e2 + 2θ;2e1,
2{(∆2Θ,Θ)− ((d + δ)Θ, (d+ δ)Θ)} = −2θiiθ − 2θ;iθ;i = ∆0(θ2)
= ∆0(Θ,Θ) .
Consequently we have
−2
∑
ν:λν>0
e−tλν{(∆eva θν , θν)− ((d+ δ)θν , (d+ δ)θν)} = −
∑
ν:λν>0
e−tλν∆0{(θν , θν)} .
We suppose α << 0 and α 6= Z. We may then integrate by parts to see:∑
ℓ
(ℓ− α− 1)t(ℓ−α)/2−1 {abdℓ,α(Fα,∆ev,Ba)− abdℓ,α(Fα,∆od,Ba)}
∼ −
∑
k
abdk,α+2(∆Fα,∆
ev,Ba)t(k−α−2)/2 .
Equating terms in the asymptotic expansion then yields
(ℓ− α− 1){abdℓ,α(Fα,∆ev,Ba)− abdℓ,α(Fα,∆od,Ba)}
= −abdℓ,α+2(∆Fα,∆ev,Ba) .
We specialize to the case M is the disk of radius 1 in R2. Introduce the usual
coordinates (R, θ) so that x = R cos θ and y = R sin θ; the distance to the boundary
is then given by r = 1−R. We have
Fα = (1−R)−α,
∆ = −∂2R −R−1∂R −R−2∂2θ ,
∆Fα = −α(α+ 1)Fα+2 − αR−1Fα+1.
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We have that R−1 = (1 − r)−1 = 1 + r + .... Since only the first 3 terms in the
Taylor series expansion of ∆Fα play a role for ℓ = 1, 2, we obtain the identity:
(ℓ− α− 1){abdℓ,α(Fα,∆ev,Ba)− abdℓ,α(Fα,∆od,Ba)}
= αabdℓ,α+2((α+ 1)Fα+2 + Fα+1 + Fα,∆
ev,Ba) for ℓ = 1, 2 .
We first set ℓ = 1. After canceling the factors of −α from both sides of the
equation we get the relation
abd1,α(Fα,∆
ev,Ba)− abd1,α(Fα,∆od,Ba) = −a1,α+2((α+ 1)Fα+2 + Fα+1,∆ev,Ba) .
The operator Ba on functions is the Neumann boundary operator and the operator
Ba on 2-forms is the Dirichlet boundary operator. Near the boundary, we decompose
a smooth 1-form Θ = Θ1dr + Θ2dθ. The operator Ba on Θ1dr is the Dirichlet
boundary operator and the operator Ba on Θ2dθ is the Robin boundary operator
with S = −L. Substituting this into Lemma 2.8 yields the relation:
κα−1ϑ2α = −κα+1(α+ 1)
{
1
2
α− 2
α− 1 + ϑ
1
α+2
}
.
We continue our computation:
2(α+ 1)ϑ2α+2 =
4α+ (α+ 1)(α− 2)
1− α =
α2 + 3α− 2
1− α ,
ϑ1α+2 =
α2 + 3α− 2
2(α+ 1)(1− α) ,
ϑ1α =
(α − 2)2 + 3(α− 2)− 2
2(α− 1)(3− α) =
α2 − α− 4
2(α− 1)(3− α) .
Next we take ℓ = 2. This yields the relation:
(1 − α){abd2,α(Fα,∆ev,Ba)− abd2,α(Fα,∆od,Ba)}
= αabd2,α+2((α+ 1)Fα+2 + Fα+1 + Fα,∆
ev,Ba) .
Applying Lemma 2.8 with S = −1, Laa = LabLab = LaaLbb = 1 and χ:aχ:a = 8
yields the relation:
(1− α)κα−2{ϑ6α − ϑ7α − 8ϑ8α}
= ακα
{
ϑ1α+1 +
α−3
2(α−2) + (α+ 1)(ϑ
4
α+2 − α−58(α−4) + ϑ5α+2 + α−34(α−4)
}
.
Since kαkα−2 =
2
1−α , ϑ
1
α+1 =
α2+α−4
2α(2−α) , and ϑ
7
α =
8
(2−α)(1−α) , we have
(1− α)2{ϑ6α − 8(2−α)(1−α) − 8ϑ8α}
2α
{
α2+α−4
2α(2−α) +
α−3
2(α−2) + (α + 1)
(
ϑ4α+2 − α−58(α−4) + ϑ5α+2 + α−34(α−4)
)}
.
This leads to the relation:
(1 − α)2{ϑ6α − 8ϑ8α} − 2α(α+ 1){ϑ4α+2 + ϑ5α+2}
= 8(α−1)−α
2−α+4+α(α−3)
α−2 +
α(α+1)(α−1)
4(α−4)
= 4(α−1)α−2 +
α(α+1)(α−1)
4(α−4) .
The desired result now follows. 
5. The pseudo-differential calculus
In this section, we will use the pseudo-differential calculus to complete the cal-
culation. Only the invariant χ:aχ:a genuinely involves a vector valued context; it
will be determined by Lemma 4.1 once the remaining coefficients are determined.
Thus we will restrict our attention to the case in which
D = ∆M = −gµν∂µ∂ν + bµ∂µ ,
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is the scalar Laplacian. We shall work with Robin boundary conditions.
We begin by reviewing some fairly standard material. Let ~α = (α1, ..., αm) be a
multi-index. We set:
|~α| = α1 + ...+ αm, ~α! = α1!× ...× αm!,
x~α = xα11 × ...× xαmm , d~αx =
(
∂
∂x1
)α1 × ...× ( ∂∂xm
)αm
,
Dx~α = (−
√−1)|~α|d~αx .
We apologize in advance for the slight notational confusion involved with using α
to control the growth of F and also to using ~α as a multi-index. We use the metric
to raise and lower indices; “,” will denote partial differentiation.
We refer to [10, 12, 15, 17, 21] for additional material about pseudo-differential
operators. We wish to construct the resolvent (∆M − λ)−1 for large λ. We first
suppose M is a closed manifold. In the evaluation of the heat equation asymptotics
homogeneity properties of symbols are relevant and it turns out that collecting
terms according to homogeneity is useful; the complex parameter λ has weight 2.
Expand the symbol of ∆M − λ in the form a2(x, ξ, λ) + a1(x, ξ) + a0(x, ξ) where:
a2(x, ξ, λ) = g
µνξµξν − λ ≡ |ξ|2 − λ,
a1(x, ξ, λ) =
√−1bµξµ, and a0(x, ξ, λ) = 0.
We formally expand the symbol of the resolvent in an asymptotic series:
σ((∆M − λ)−1)(x, ξ, λ) ∼
∞∑
l=0
q−2−l(x, ξ, λ) .(5.a)
The qk are then determined by the recursive relations:
(5.b)
1 = a2(x, ξ, λ)q−2(x, ξ, λ),
0 =
∑
k=2+l+|~α|−j
1
~α!
[d~αξ aj(x, ξ, λ)] [D
x
~αq−2−l(x, ξ, λ)] for k ≥ 1.
To complete the proof of Theorem 1.6, we must examine q−2, q−3, and q−4. We
summarize the facts we shall need and omit details in the interests of brevity –
the fact that ∆M is scalar plays an essential role. Let greek indices range from 1
through m. We have:
q−2 = a−12 ,
q−3 = −a1q2−2 + c−3,3q3−2,
q−4 = −a0q2−2 + c−4,3q3−2 + c−4,4q4−2 + c−4,5q5−2,
where
c−3,3 = −
√−1 (∂νξ a2)(∂xν a2),
c−4,3 = a21 −
√−1 (∂νξ a1)(∂xν a2)−
√−1 (∂νξ a2)(∂xν a1)− 12 (∂νµξ a2)(∂xνµa2),
c−4,4 = −3a1c−3,3 +
√−1 (∂νξ a2)(∂xν c−3,3) + (∂νµξ a2)(∂xν a2)(∂xµa2),
c−4,5 = 3c2−3,3.
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One has that:
q−2(x, ξ, λ) = 1|ξ|2−λ ,
q−3(x, ξ, λ) = − 1(|ξ|2−λ)2
√−1bµξµ − 1(|ξ|2−λ)3 2
√−1gσγ,ν ξνξσξγ ,
q−4(x, ξ, λ) =
1
(|ξ|2−λ)3
{−bµbνξµξν + bνgσβ,ν ξσξβ + 2bσ,νgνβξβξσ − gσβ,νµgνµξσξβ}
+ 1(|ξ|2−λ)4
{
−6bµgσγ,ν gνβξµξβξσξγ + 4gσγ,βνgβµgνδξµξσξγξδ
+4gσγ,β g
βµ
,ν g
νδξµξσξγξδ + 2g
σβ
,ν g
γδ
,µ g
νµξσξβξδξγ
}
+ 1(|ξ|2−λ)5
{−12gσγ,ν gνβgδτ,µ gµρξβξσξγξρξδξτ} .
If the manifold has a boundary the expansion (5.a) has to be augmented by a
boundary correction. To formulate the conditions to be satisfied by the boundary
correction we expand about r = 0. One may express the metric on the collar Cε in
the form
ds2M = gσ̺(y, r)dy
σ ◦ dy̺ + dr2.
The coordinate y locally parametrizes the boundary, and r is the geodesic distance
to the boundary, so x = (y, r). A tilde above any quantity will indicate that it is to
be evaluated at the boundary, that is at r = 0. Furthermore, we use ξ = (ω, τ).
We find
∆M − λ =
∞∑
k=0
1
k!
rk
∑
|~α|≤2
∂k
∂rk
a~α(y, r)
∣∣∣∣
r=0
D~αy,r
with the notation
D~αy,r =
(
m−1∏
i=1
Dαiyi
)
Dαmr .
Introducing
aj(y, r, ω,Dr, λ) =


∑
|~α|=j a~α(y, r)
(∏m−1
i=1 ω
αi
i
)
Dαmr for j = 0, 1,∑
|~α|=2 a~α(y, r)
(∏m−1
i=1 ω
αi
i
)
Dαmr − λ for j = 2
we define the partial symbol
σ′(∆M − λ) =
∞∑
k=0
1
k!
rk
2∑
j=0
∂k
∂rk
aj(y, r, ω,Dr, λ)
∣∣∣∣
r=0
.
As it turns out, the symbols
a(j)(y, r, ω,Dr, λ) =
2∑
l=0
∞∑
k=0
l−k=j
1
k!
rk
∂k
∂rk
al(y, r, ω,Dr, λ)
∣∣∣∣
r=0
have suitable homogeneity properties and using these symbols we write
σ′(∆M − λ) =
2∑
j=−∞
a(j)(y, r, ω,Dr, λ).
We write the symbol of the resolvent as
(5.c)
σ((∆M − λ)−1)(y, r, ω, τ, λ)
=
∞∑
j=0
q−2−j(y, r, ω, τ, λ)− e−
√−1τr
∞∑
j=0
h−2−j(y, r, ω, τ, λ),
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where the second term is the boundary correction. The factor e−
√−1τr appears be-
cause the operator constructed from these terms is the Op′(h) in [21], and Op′(h) =
Op(he−
√−1τr). This shows
σ′(∆M − λ) ◦
∞∑
j=0
h−2−j(y, r, ω, τ, λ) = 0.
Here ◦ denotes the symbol product on Rm−1. Analogously to Equation (5.b) this
equation leads to the differential equations
0 = a(2)(y, r, ω,Dr, λ)h−2(y, r, ω, τ, λ),
0 = a(2)(y, r, ω,Dr, λ)h−2−j(y, r, ω, τ, λ)
+
∑
~α,k,l<j
j=l+2+|~α|−k
1
~α!
[
D~αωa
(k)(y, r, ω,Dr, λ)
] [
(
√−1Dy)~αh−2−l(y, r, ω, τ, λ)
]
.
For the present considerations we need h−2−j for j = 0, 1, 2, and we have more
explicitly (repeated letters a, b, c, ... run over tangential coordinates {1, 2, ...,m−1})
0 = a(2)(y, r, ω,Dr, λ)h−2(y, r, ω, τ, λ),
0 = a(2)(y, r, ω,Dr, λ)h−3(y, r, ω, τ, λ) + a(1)(y, r, ω,Dr, λ)h−2(y, r, ω, τ, λ)
+
[
Dbωa
(2)(y, r, ω,Dr, λ)
] [
(
√−1Dy)bh−2(y, r, ω, τ, λ)
]
,
0 = a(2)(y, r, ω,Dr, λ)h−4(y, r, ω, τ, λ) + a(0)(y, r, ω,Dr, λ)h−2(y, r, ω, τ, λ)
+
[
Dbωa
(1)(y, r, ω,Dr, λ)
] [
(
√−1Dy)bh−2(y, r, ω, τ, λ)
]
+ 12
[
Dbcω a
(2)(y, r, ω,Dr, λ)
] [
(
√−1Dy)bch−2(y, r, ω, τ, λ)
]
+a(1)(y, r, ω,Dr, λ)h−3(y, r, ω, τ, λ)
+
[
Dbωa
(2)(y, r, ω,Dr, λ)
] [
(
√−1Dy)bh−3(y, r, ω, τ, λ)
]
.
The relevant equations for a(i)(y, r, ω,Dr, λ), i = 0, 1, 2 are
a(2)(y, r, ω,Dr, λ)
= a2(y, r, ω,Dr, λ)|r=0 = g˜abωaωb +D2r − λ,
a(1)(y, r, ω,Dr, λ)
= r(∂ra2(y, r, ω,Dr, λ))|r=0 + a1(y, r, ω,Dr, λ)|r=0
= rg˜ab,r ωaωb +
√−1b˜aωa +
√−1b˜rDr
a(0)(y, r, ω,Dr, λ)
= 12r
2(∂2ra2(y, r, ω,Dr, λ))|r=0 + r(∂ra1(y, r, ω,Dr, λ))|r=0
+a0(y, r, ω,Dr, λ)|r=0
= 12r
2g˜ab,rrωaωb + r
√−1 b˜a,rωa + r
√−1 b˜r,rDr.
The differential equations have to be augmented by a growth condition
(5.d) h−2−j(y, r, ω, τ, λ)→ 0 as r →∞,
and an initial condition corresponding to the Robin boundary condition
Bφ = (∂r + S)φ
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considered here. The first few boundary symbols satisfy
∂rh−2(y, r, ω, τ, λ)|r=0 =
√−1τq−2(y, r, ω, τ, λ)|r=0 ,
∂rh−3(y, r, ω, τ, λ)|r=0 = −Sh−2(y, r, ω, τ, λ)|r=0 + Sq−2(y, r, ω, τ, λ)|r=0
+
√−1τq−3(y, r, ω, τ, λ)|r=0 + ∂rq−2(y, r, ω, τ, λ)|r=0,
∂rh−4(y, r, ω, τ, λ)|r=0 = −Sh−3(y, r, ω, τ, λ)|r=0 + Sq−3(y, r, ω, τ, λ)|r=0
+
√−1τq−4(y, r, ω, τ, λ)|r=0 + ∂rq−3(y, r, ω, τ, λ)|r=0.(5.e)
Once the symbols h−2−j have been determined, their contribution to the asymp-
totics of the trace of the heat kernel follows from multiple integration. As before,
we suppose rαF ∈ C∞(Cε). The contribution reads
∞∑
l=0
t
1−α−m
2 t
l
2
∫
∂M
η l
2
(y, F,∆M )dy
with
η l
2
(y, F,∆M ) =
1
(2π)m+1
∑
j+k=l
∫
Rm−1
dω
∫ ∞
−∞
ds
×
∫ ∞
0
dr¯e
√−1 s
(
−
∫
γ
dτe−
√−1 τ r¯
)
h−2−j(y, r¯, ω, τ,−
√−1 s)r¯k−αFk(y),(5.f)
where γ is anticlockwise enclosing the poles of h−2−j in the lower half-plane. The
integral with respect to s is the contour integral transforming the resolvent to the
heat kernel. Note that from (5.c) the contribution to the heat kernel is minus the
above.
As will become clear in the following, with Λ =
√
|ω|2 +√−1 s, we need integrals
of the type
T kljnab... ≡
∫
Rm−1
dω
∫ ∞
−∞
ds
∫ ∞
0
dr¯e
√−1 s
(
−
∫
γ
dτe−
√−1 τ r¯
)
τk r¯l−αωaωb...
Λj(τ2 + Λ2)n
e−r¯Λ.
The τ integration can be done using∫
γ
dτe−
√−1 τ r¯ τ
k
(τ2 + Λ2)l
=
(
√−1)k(−1)l+kπ
(l − 1)!
(
1
2Λ
d
dΛ
)l−1 [
Λk−1e−r¯Λ
]
.
So
T kljnab... =
(
√−1)k(−1)n+k+1π
(n−1)!
∫
Rm−1
dω
∫ ∞
−∞
ds
×
∫ ∞
0
dr¯e
√−1 sr¯l−α ωaωb...Λj e
−r¯Λ ( 1
2Λ
d
dΛ
)n−1 [
Λk−1e−r¯Λ
]
.
Performing the Λ-differentiation, different r¯-dependent functions would occur. It
is therefore desirable to first perform the r¯-integration before performing the Λ-
derivatives explicitly. This is achieved by noting that (z = Λ has to be put after
the Λ differentiation has been performed)
T kljnab... =
(
√−1)k(−1)n+k+1π
(n− 1)!
∫
Rm−1
dω
∫ ∞
−∞
dse
√−1 sωaωb...
Λj
×
(
1
2Λ
d
dΛ
)n−1
Λk−1
∫ ∞
0
dr¯r¯l−αe−r¯(Λ+z)
∣∣∣∣∣
z=Λ
=
(
√−1)k(−1)n+k+1π
(n− 1)! Γ(l + 1− α)
∫
Rm−1
dω
∫ ∞
−∞
dse
√−1 sωaωb...
Λj(
1
2Λ
d
dΛ
)n−1
Λk−1
(Λ + z)l+1−α
∣∣∣∣∣
z=Λ
.
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We can proceed in general by introducing numerical multipliers cnkl according to(
1
2Λ
d
dΛ
)n−1
Λk−1
(Λ + z)l+1−α
∣∣∣∣∣
z=Λ
= cnkl
1
Λl+2n−k−α
.
The s-integration is then performed using∫ ∞
−∞
ds
e
√−1 s
(|ω|2 +√−1 s)β =
2π
Γ(β)
e−|ω|
2
.
The final ω-integrations follow from
C(y) ≡
∫
Rm−1
dωe−g˜
abωaωb+
√−1 yaωa = π
m−1
2
√
g˜e−
g˜aby
ayb
4 ,
by observing that∫
Rm−1
dω ωa1ωa2 ...ωare
−g˜abωaωb =
(
1√−1
)r
∂
∂ya1
· · · ∂
∂yar
C(y)
∣∣∣∣
y=0
.
In particular ∫
Rm−1
dω e−|ω|
2
= π
m−1
2
√
g˜,∫
Rm−1
dω ωaωbe
−|ω|2 = 12π
m−1
2
√
g˜g˜ab,∫
Rm−1
dω ωaωbωcωde
−|ω|2 = 14π
m−1
2
√
g˜ (g˜abg˜cd + g˜acg˜bd + g˜adg˜bc) .
Introducing the numerical multipliers dkljn according to
dkljn =
2(
√−1)k(−1)n+k+1π2Γ(l + 1− α)cnkl
(n− 1)!Γ
(
j+l−k−α
2 + n
) ,
we obtain the compact-looking answers
T kljnab... = dkljn
∫
Rm−1
dω ωaωb...e
−|ω|2 ,
where the last ω-integration is performed with the above results.
Note that the numerical multipliers dkljn are easily determined using an algebraic
computer program. Therefore, all appearing integrals can be very easily obtained.
Let us apply this formalism explicitly to the leading orders, and we start with
h−2(y, r, ω, τ, λ). The relevant differential equation reads
(∂2r − Λ2)h−2(y, r, ω, τ, λ) = 0,
which has the general solution
h−2(y, r, ω, τ, λ) = g1e−rΛ + g2erΛ.
The asymptotic condition (5.d) on the symbol as r →∞ imposes g2 = 0. The initial
condition ∂rh−2|r=0 =
√−1τq−2|r=0 gives g1 = −
√−1(Λ(τ2 + Λ2))−1τ . Putting
the information together we have obtained
h−2(y, r, ω, τ, λ) = −
√−1τ
Λ(τ2 + Λ2)
e−rΛ.
Performing the relevant integrals, with the notation∫
dI =
∫
Rm−1
dω
∫ ∞
−∞
ds
∫ ∞
0
dr¯e
√−1 s
(
−
∫
γ
dτe−
√−1 τ r¯
)
r¯−α,
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produces ∫
dIh−2(y, r¯, ω, τ,−
√−1 s) = −√−1d1011π
m−1
2
√
g˜
= −2
απ2Γ(1− α)
Γ
(
1− α2
) πm−12 √g˜ = −πΓ(1− α
2
)
πm/2
√
g˜ .
Taking into account the prefactor in (5.f) and the change of sign, this agrees with
Assertion (1) of Theorem 1.6.
In the next order we obtain
(∂2r − Λ2)h−3(y, r, ω, τ, λ) = (E + U1)e−rλ + (F + U2)re−rΛ,
where
E =
√−1b˜rτ
τ2 + Λ2
, F = −
√−1τ g˜ab,r ωaωb
Λ(τ2 + Λ2)
,
U1(ω) =
b˜aωaτ
Λ(τ2 + Λ2)
+
g˜ac,b ωaωcω
bτ
Λ3(τ2 + Λ2)
+
2 g˜ac,b ω
bωaωcτ
Λ(τ2 + Λ2)2
,
U2(ω) =
g˜ac,b ω
bωaωcτ
Λ2(τ2 + Λ2)
.
Note, for later arguments, that U1(ω) and U2(ω) are odd functions in ω. Fur-
thermore, for the scalar Laplacian at hand ba = gbcΓbc
a; thus they contain only
tangential derivatives of the metric.
Using for example the annihilator method, we write down the general form of
the solution to this differential equation as
h−3(y, r, ω, τ, λ) = c1e−rΛ + c2re−rΛ + c3r2e−rΛ + c4erΛ.
From the asymptotic condition (5.d) we conclude c4 = 0. From the initial condition
given in Equation (5.e) we obtain
c1 = − 1
4Λ3
(F + U2)− 1
2Λ2
(E + U1)
−
√−1Sτ
Λ2(τ2 + Λ2)
− S
Λ(τ2 + Λ2)
− b˜
aωaτ
Λ(τ2 + Λ2)2
− b˜
rτ2
Λ(τ2 + Λ2)2
− 2g˜
ab
,c ω
cωaωbτ
Λ(τ2 + Λ2)3
− 2g˜
ab
,r ωaωbτ
2
Λ(τ2 + Λ2)3
+
g˜ab,r ωaωb
Λ(τ2 + Λ2)2
.
From the differential equation we derive
c2 = − 14Λ2 (F + U2)− 12Λ (E + U1),
c3 = − 14Λ(F + U2).
Collecting the available information, we see
h−3(y, r, ω, τ, λ) = De−rΛ +Bre−rΛ + Cr2e−rΛ +O(ω),
with
D =
√−1τ g˜ab,r ωaωb
4Λ4(τ2+Λ2) −
√−1b˜rτ
2Λ2(τ2+Λ2) −
√−1Sτ
Λ2(τ2+Λ2)
− SΛ(τ2+Λ2) − b˜
rτ2
Λ(τ2+Λ2)2 −
2τ2g˜ab,r ωaωb
Λ(τ2+Λ2)3 +
g˜ab,r ωaωb
Λ(τ2+Λ2)2 ,
B =
√−1τ g˜ab,r ωaωb
4Λ3(τ2+Λ2) −
√−1b˜rτ
2Λ(τ2+Λ2) ,
C =
√−1τ g˜ab,r ωaωb
4Λ2(τ2+Λ2) ,
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and where O(ω) is an odd function in ω. Furthermore, O(ω) contains only tangen-
tial derivatives of the metric. We next perform the multiple integrals; note, odd
functions in ω do not contribute. We obtain∫
dIh−3(y, r¯, ω, τ,−
√−1 s)
= π
m−1
2
√
g˜g˜ab,r g˜ab
{
−
√−1
4 d1021 − 12d2012 −
√−1
4 d1111 +
√−1
8 d1041
−d2013 + 12d0012 +
√−1
8 d1131 +
√−1
8 d1221
}
+S
√
g˜π
m−1
2 (−√−1d1021 − d0011)
=
√
g˜π
m+2
2 Γ
(
1− α2
)(
α2−α−4
4(α−1)(α−3) g˜
ab
,r g˜ab +
4
α−1S
)
.
This confirms the value of ϑ1α in Lemma 4.1 and of ϑ
2
α in Lemma 3.1 after taking
into account the prefactor in (5.f) and the fact that g˜ab,r g˜ab = −g˜abg˜ab,r = 2gabLab.
Up to this point the calculation can be considered a warm up for the next order.
Leaving aside the S-terms for the moment, we would like to determine the universal
coefficients of the geometric invariants LaaLbb and LabLab. In terms of the metric
these are determined by
Lab = − 12 g˜ab,r .
Using the Christoffel symbols
Γjk
i = 12g
il (glj,k + gkl,j − gjk,l) ,
and taking into account that with our sign convention the scalar curvature is given
by the contraction gjkRijk
i, we may expand the Riemann curvature tensor in the
form:
Rijk
l = Γjk
l
,i − Γikl,j + ΓinlΓjkn − ΓjnlΓikn .
The normal projection of the Riemann curvature tensor reads
R˜amma = − 12 g˜ac,r g˜ac,r − 12 g˜acg˜ac,rr − 14 g˜bc,r g˜ad,r g˜cag˜bd
= 14 g˜
abg˜cdg˜ac,rg˜bd,r − 12 g˜acg˜ac,rr.
The above results suggest a strategy for the calculation. It suffices to consider the
special case where the metric is independent of y. As a consequence, our answer
will have the form
(4π)−m/2
{
Hg˜acg˜ac,rr +Kg˜
abg˜cdg˜ac,rg˜bd,r + Lg˜
abg˜cdg˜ab,r g˜cd,r
}
plus terms involving S. This has to be compared with the terms in abd2,α(F,∆M )
that possibly contribute to these geometric invariants. In detail one can show these
terms are (mod terms with tangential derivatives of the metric)
1
3(1−α) τ˜ − 16 ρ˜mm + ϑ4αLaaLbb + ϑ5αLabLab
=
(
1
12 − 13(1−α)
)
g˜acg˜ac,rr +
(
− 112(1−α) + 14ϑ4α
)
g˜abg˜cdg˜ab,rg˜cd,r
+
(
1
4(1−α) − 124 + 14ϑ5α
)
g˜abg˜cdg˜ac,rg˜bd,r.
So once we know H,K,L, as a check we can verify that
H =
(
1
12 − 13(1−α)
)
κα−2,
and we can deduce
ϑ4α =
4K
κα−2
+ 13(1−α) , ϑ
5
α =
4L
κα−2
− 11−α + 16 .
In summary, when writing down the differential equation for h−4(y, r, ω, τ, λ), we
can neglect all terms that are odd in ω as well as all terms that contain tangential
derivatives of the metric. We obtain (up to irrelevant terms)
(∂2r − Λ2)h−4(y, r, ω, τ, λ) = Me−rΛ +Nre−rΛ + Pr2e−rΛ +Qr3e−rΛ,
20 M. VAN DEN BERG, P. GILKEY, AND K. KIRSTEN
where
M = −Λb˜rD + b˜rB,
N =
√−1b˜r,rτ
τ2 + Λ2
+ g˜ab,r ωaωbD − Λb˜rB + 2b˜rC,
P = −
√−1g˜ab,rrωaωbτ
2Λ(τ2 + Λ2)
+ g˜ab,r ωaωbB − Λb˜rC,
Q = g˜ab,r ωaωbC,
with B,C,D given above.
So the solution has the form, taking into account the asymptotic behavior (5.d),
h−4(y, r, ω, τ, λ) = α˜e−rΛ + βre−rΛ + γr2e−rΛ + δr3e−rΛ + ǫr4e−rΛ.
To simplify the notation, let Ξ := τ2+Λ2. From the initial condition we obtain, up
to irrelevant terms,
α˜ =
β
Λ
+
SD
Λ
+
√−1b˜rSτ
ΛΞ2
+
2
√−1Sg˜ab,r ωaωbτ
ΛΞ3
+
√−1b˜rb˜rτ3 −√−1b˜r g˜ab,r ωaωbτ − 2
√−1b˜r,rτ3 +
√−1g˜ab,rrωaωbτ
ΛΞ3
+
6
√−1b˜r g˜ab,r ωaωbτ3 − 4
√−1g˜ab,rrωaωbτ3 − 2
√−1g˜ab,r g˜cd,r ωaωbωcωdτ
ΛΞ4
+
12
√−1g˜ab,r g˜cd,r ωaωbωcωdτ3
ΛΞ5
+
√−1b˜r,rτ
ΛΞ2
− 2
√−1b˜r g˜ab,r ωaωbτ
ΛΞ3
+
2
√−1g˜ab,rrωaωbτ
ΛΞ3
− 6
√−1g˜ab,r g˜cd,r ωaωbωcωdτ
ΛΞ4
.
From the differential equation we obtain the conditions
M = −2Λβ + 2γ, N = −4Λγ + 6δ,
P = −6Λδ + 12ǫ, Q = −8ǫΛ .
This determines the numerical multipliers β, γ, δ and ǫ to be
β = − 38 QΛ4 − 14 PΛ3 − 14 NΛ2 − 12 MΛ , γ = − 38 QΛ3 − 14 PΛ2 − 14 NΛ ,
δ = − 14 QΛ2 − 16 PΛ , ǫ = − 18 QΛ .
For ∆M , we have:
b˜r = − 12 g˜abg˜ab,r,
b˜rb˜r = 14 g˜
abg˜cdg˜ab,rg˜cd,r,
b˜rg˜abg˜
ab
,r =
1
2 g˜
abg˜cdg˜ab,rg˜cd,r,
b˜r,r =
1
2 g˜
acg˜bdg˜cd,rg˜ab,r − 12 g˜abg˜ab,rr,
g˜abg˜
ab
,rr = 2g˜
acg˜bdg˜ab,r g˜cd,r − g˜abg˜ab,rr,
g˜ab,r g˜
cd
,r (g˜abg˜cd + g˜acg˜bd + g˜adg˜bc) = g˜
abg˜cdg˜ab,r g˜cd,r + 2g˜
abg˜cdg˜ac,rg˜bd,r.
Performing the integrations we obtain, modulo normalizing constants of π(m−1)/2
√
g˜
one obtains:
α˜I = g˜
abg˜ab,rr
[
−
√−1
16 d1051 +
√−1
8 d1031 +
√−1d3013 −
√−1
2 d1013
+2
√−1d3014 −
√−1
2 d1012 −
√−1d1013
]
+g˜abg˜cdg˜ac,rg˜bd,r
[
− 7
√−1
64 d1071 +
1
4d2043 − 18d0042 +
√−1
8 d1051
−
√−1
8 d1031 −
√−1d3013 +
√−1d1013 − 4
√−1d3014
−√−1d1014 + 6
√−1d3015 +
√−1
2 d1012 + 2
√−1d1013 − 3
√−1d1014
]
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+g˜abg˜cdg˜ab,rg˜cd,r
[
− 7
√−1
128 d1071 +
1
8d2043 − 116d0042 +
√−1
16 d1051 +
1
16d2042
− 14d2023 + 18d0022 −
√−1
32 d1031 − 18d2022 +
√−1
4 d3013 −
√−1
4 d1013
+ 3
√−1
2 d3014 −
√−1
2 d1014 + 3
√−1d3015 −
√−1
2 d1013 − 3
√−1
2 d1014
]
+SLaa
[√−1
4 d1051 +
1
4d0041 −
√−1
2 d1031 − 12d0021 +
√−1
4 d1051 −
√−1
2 d1031
−d2022 − 2d2023 + d0022 +
√−1d1012 + 2
√−1d1013
]
+S2
[−√−1d1031 − d0021] ,
βI = g˜
abg˜ab,rr
[
−
√−1
16 d1141 +
√−1
8 d1121
]
+g˜abg˜cdg˜ac,rg˜bd,r
[
− 7
√−1
64 d1161 +
1
4d2133 − 18d0132 +
√−1
8 d1141 −
√−1
8 d1121
]
+g˜abg˜cdg˜ab,rg˜cd,r
[
− 7
√−1
128 d1161 +
1
8d2133 − 116d0132 +
√−1
16 d1141 +
1
16d2132
− 14d2113 + 18d0112 −
√−1
32 d1121 − 18d2112
]
+SLaa
[√−1
4 d1141 +
1
4d0131 −
√−1
2 d1121 − 12d0111
]
,
γI = g˜
abg˜ab,rr
[
−
√−1
16 d1231 +
√−1
8 d1211
]
+g˜abg˜cdg˜ac,rg˜bd,r
[
− 5
√−1
64 d1251 +
√−1
8 d1231 −
√−1
8 d1211 −
√−1
32 d1251
+ 14d2223 − 18d0222
]
+g˜abg˜cdg˜ab,rg˜cd,r
[
− 5
√−1
128 d1251 +
√−1
16 d1231 −
√−1
64 d1251 +
1
16d2222
+ 18d2223 − 116d0222 −
√−1
32 d1211
]
+SLaa
[√−1
4 d1231 +
1
4d0221
]
,
δI = g˜
abg˜ab,rr
[
−
√−1
24 d1321
]
+ g˜abg˜cdg˜ac,rg˜bd,r
[
− 5
√−1
96 d1341 +
√−1
12 d1321
]
+g˜abg˜cdg˜ab,rg˜cd,r
[
− 5
√−1
192 d1341 +
√−1
32 d1321
]
,
ǫI = g˜
abg˜cdg˜ac,rg˜bd,r
[
−
√−1
64 d1431
]
+ g˜abg˜cdg˜ab,rg˜cd,r
[
−
√−1
128 d1431
]
.
Adding up all terms and simplifying using the functional equation and the doubling
formula for the Γ-function, the contribution to the heat kernel coefficient reads
(4π)−m/2κα−2
√
g˜
{
8
(1−α)(2−α) S
2 + 2(α
2−α−8)
(α−1)(α−2)(α−4)SLaa
+
(
1
12 − 13(1−α)
)
g˜abg˜ab,rr +
1
4 g˜
abg˜cdg˜ac,rg˜bd,r
(
1
1−α − 16 − α
3−10α2+21α+4
4(α−6)(α−4)(α−1)
)
+ 14 g˜
abg˜cdg˜ab,rg˜cd,r
(
− 13(1−α) + α
4−6α3−α2−2α+104
8(α−6)(α−4)(α−2)(α−1)
)}
.
This allows us conclude:
ϑ4α =
α4−6α3−α2−2α+104
8(α−6)(α−4)(α−2)(α−1) ,
ϑ5α = − α
3−10α2+21α+4
4(α−6)(α−4)(α−1) ,
ϑ6α =
2(α2−α−8)
(α−1)(α−2)(α−4) .
The values for α = 0 reproduce the result for the smooth setting. We also confirm
the result for ϑ7α. We can now employ Lemma 4.1 (2) to determine ϑ
8
α. We find
ϑ8α = − 1(α−1)(α−4) ,
which in the limit α→ 0 reproduces the correct answer.
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